We consider generalized Melvin-like solutions associated with Lie algebras of rank 4 (namely, A4 , B4 , C4 , D4 , and the exceptional algebra F4 ) corresponding to certain internal symmetries of the solutions. The system under consideration is a static cylindrically-symmetric gravitational configuration in D dimensions in presence of four Abelian 2-forms and four scalar fields. The solution is governed by four moduli functions Hs(z) ( s = 1, ..., 4 ) of squared radial coordinate z = ρ 2 obeying four differential equations of the Toda chain type. These functions turn out to be polynomials of powers (n1, n2, n3, n4) ) for Lie algebras A4 , B4 , C4 , D4 , F4 , respectively. The asymptotic behaviour for the polynomials at large distances is governed by some integer-valued 4 × 4 matrix ν connected in a certain way with the inverse Cartan matrix of the Lie algebra and (in A4 case) the matrix representing a generator of the Z2 -group of symmetry of the Dynkin diagram. The symmetry properties and duality identities for polynomials are obtained, as well as asymptotic relations for solutions at large distances. We also calculate 2-form flux integrals over 2 -dimensional discs and corresponding Wilson loop factors over their boundaries. Dilatonic black hole analogs of the obtained Melvin-type solutions are also presented.
Introduction
In this semi-review paper, we investigate properties of multidimensional generalization of Melvin's solution [1] , which was presented earlier in ref. [2] . Originally, model from ref. [2] contains metric, n Abelian 2-forms and l ≥ n scalar fields. Here we consider a special solutions with n = l = 4 , governed by a 4 × 4 Cartan matrix (A ij ) for Lie algebras of rank 4 : A 4 , B 4 , C 4 , D 4 , and the exceptional algebra F 4 . The solutions from ref. [2] are special case of the so-called generalized fluxbrane solutions from ref. [3] .
It is well known that the original Melvin's solution in four dimensions describes the gravitational field of a magnetic flux tube. The multidimensional analog of such a flux tube, supported by a certain configuration of form fields, is referred to as a fluxbrane (a "thickened brane" of magnetic flux). The appearance of fluxbrane solutions was originally motivated by superstring/brane models and M -theory. For generalizations of the Melvin solution and fluxbrane solutions see [4] - [21] and references therein.
In ref. [3] there were considered the generalized fluxbrane solutions which are described in terms of moduli functions H s (z) > 0 defined on the interval (0, +∞) , where z = ρ 2 and ρ is a radial coordinate. Functions H s (z) obey n non-linear differential master equations of Toda-like type governed by some matrix (A ss ′ ) , and the following boundary conditions are imposed: H s (+0) = 1 , s = 1, ..., n .
Here, as in ref. [2] , we assume that the matrix (A ss ′ ) is a Cartan matrix for some simple finite-dimensional Lie algebra G of rank n ( A ss = 2 for all s ). A conjecture was suggested in ref. [3] that in this case the solutions to master equations with the above boundary conditions are polynomials of the form: where we denote (A ss ′ ) = (A ss ′ ) −1 . Integers n s are components of the twice dual Weyl vector in the basis of simple (co-)roots [22] . Therefore, the functions H s (which may be called "fluxbrane polynomials") define a special solution to open Toda chain equations [23, 24] corresponding to simple finitedimensional Lie algebra G [25] . In refs. [2, 26] a program (in Maple) for calculation of these polynomials for classical series of Lie algebras ( A -, B -, C -and D -series) was suggested. It was pointed out in ref. [3] that the conjecture on polynomial structure of H s (z) is valid for Lie algebras of A -and C -series.
One of the goals of this paper is to study interesting geometric properties of the solution considered for case of Lie algebras of rank 4 . In particular, we prove some symmetry properties, as well as the so-called duality relations of fluxbrane polynomials which establishes a behaviour of the solutions under the inversion transformation ρ → 1/ρ , which makes the model in tune with T -duality in string models, and also can be mathematically understood in terms of the groups of symmetry of Dynkin diagrams for the corresponding Lie algebras. In our case these groups of symmetry are either identical ones (for Lie algebras B 4 , C 4 , and F 4 ) or isomorphic to the group Z 2 (for Lie algebra A 4 ), or isomorphic to the group S 3 which is the group of permutation of 3 elements (for Lie algebra D 4 ). These duality identities may be used in deriving a 1/ρ -expansion for solutions at large distances ρ . The corresponding asymptotic behavior of the solutions is studied.
The analogous analysis was performed earlier for the case of rank-2 Lie algebras: A 2 , B 2 = C 2 , G 2 in ref. [27] , and for rank-3 algebras A 3 , B 3 , C 3 in Ref. [29] . Also, in ref. [28] the conjecture from ref. [3] was verified for the Lie algebra E 6 and certain duality relations for six E 6 -polynomials were found.
The paper is organized as follows. In Section 2 we present a generalized Melvin solutions from ref. [2] for the case of four scalar fields and four 2-forms. In Section 3 we deal with the solutions for the Lie algebras A 4 , B 4 , C 4 , D 4 [30] and F 4 . We find symmetry properties and duality relations for polynomials and present asymptotic relations for the solutions. We also calculate 2-form flux integrals Φ s (R) = D R F s and corresponding Wilson loop factors, where F s are 2-forms and D R is 2 -dimensional disc of radius R . The flux integrals converge, i.e. have finite limits for R = +∞ [31] . In Section 4 we present black hole analogs of the obtained Melvin-type solutions.
The set up and generalized Melvin solutions
Let us consider the following product manifold:
where M 1 = S 1 and M 2 is a (D − 2) -dimensional Ricci-flat manifold. On this manifold, we define the action
is dilatonic coupling vector, s = 1, ..., 4 ; a = 1, ..., 4 . Here we use the notations |g| ≡ | det(g M N )| ,
There is a family of exact cylindrically-symmetric solutions to the field equations corresponding for the action (2.2) and depending on the radial coordinate ρ . The solution has the form [2] :
5)
s, a = 1, ..., 4 , where g 1 = dφ ⊗ dφ is a metric on M 1 = S 1 and g 2 is a Ricci-flat metric of signatute (−, +, . . . , +) on M 2 . Here q s = 0 are integration constants ( q s = −Q s in notations of ref. [2] ). For further convenience, let us denote z = ρ 2 . As it was shown in earlier works, the functions H s (z) > 0 obey the set of master equations 
10)
s, l = 1, ..., 4 . In these relations, we have denoted
The latter matrix is the so-called "quasi-Cartan" matrix. One can prove that if (A sl ) is a Cartan matrix for a certain simple Lie algebra G of rank 4 then there exists a set of vectors λ 1 , ..., λ 4 obeying (2.11). See also Remark 1 in the next section. The solution considered can be understood as a special case of the fluxbrane solutions from [3, 19] .
Therefore, here we investigate a multidimensional generalization of Melvin's solution [1] for the case of four scalar fields and four 2 -forms. Note that the original Melvin's solution without scalar field would correspond to D = 4 , one (electromagnetic) 2 -form,
3 Solutions related to simple classical rank-4 Lie algebras
In this section we consider the solutions associated with Lie algebras G of rank 4 . This means than the matrix A = (A sl ) coincides with one of the Cartan matrices
Each of these matrices can be graphically described by drawing the Dynkin diagrams pictured on Fig. 1 for these four Lie algebras.
> Figure 1 : The Dynkin diagrams for the Lie algebras A 4 , B 4 , C 4 , D 4 , F 4 , respectively.
Using (2.9)-(2.11) we can get
2)
where h s = K −1 s , and
3)
s, l = 1, 2, 3, 4 ; (3.2) is a special case of (3.3). From (2.9),(2.11) it also follows that
for any s = l obeying A sl , A ls = 0 . This implies
5)
or
, respectively, and
7)
Remark 1. For large enough K 1 in (3.5) there exist vectors λ s obeying (3. 3) (and hence (3.2) ). Indeed, the matrix (G sl ) is positive definite if K 1 > K * , where K * is some positive number. Hence there exists a matrix Λ , such that Λ T Λ = G . We put (Λ as ) = (λ a s ) and get the set of vectors obeying (3.3) .
Polynomials. According to the polynomial conjecture, the set of moduli functions H 1 (z), ..., H 4 (z) , obeying eqs. (2.6) and (2.7) with the Cartan matrix A = (A sl ) from (3.1) are polynomials with powers (n 1 , n 2 , n 3 , n 4 ) = (4, 6, 6, 4) , (8, 14, 18, 10) , (7, 12, 15, 16) , (6, 10, 6, 6) , (22, 42, 30, 16) calculated by using (1.2) for Lie algebras A 4 , B 4 , C 4 , D 4 , F 4 , respectively.
One can prove this conjecture by solving the system of non-linear algebraic equations for the coefficients of these polynomials following from master equations (2.6). Below we present a list of the polynomials obtained by using appropriate MATHEMATICA algorithm. For convenience, we use the rescaled variables (as in ref. [25] ):
For the Lie algebra A 4 ∼ = sl(5) we have
10)
H 2 = 1 + 6p 2 z + (6p 1 p 2 + 9p 2 p 3 ) z 2 + (16p 1 p 2 p 3 + 4p 2 p 3 p 4 ) z 3 + 6p 1 p 2 2 p 3 + 9p 1 p 2 p 3 p 4 z 4 + 6p 1 p 2 2 p 3 p 4 z 5 + p 1 p 2 2 p 2 3 p 4 z 6 ,(3.
11)
H 3 = 1 + 6p 3 z + (9p 2 p 3 + 6p 3 p 4 ) z 2 + (4p 1 p 2 p 3 + 16p 2 p 3 p 4 ) z 3 + 9p 1 p 2 p 3 p 4 + 6p 2 p 2 3 p 4 z 4 + 6p 1 p 2 p 2 3 p 4 z 5 + p 1 p 2 2 p 2 3 p 4 z 6 ,(3.
12)
For the Lie algebra B 4 ∼ = so(9) the fluxbrane polynomials are: 
15)
For the Lie algebra C 4 ∼ = sp(6) we get the following polynomials 
22)
H 2 = 1 + 10p 2 z + (15p 1 p 2 + 15p 2 p 3 + 15p 2 p 4 ) z 2 + (40p 1 p 2 p 3 + 40p 1 p 2 p 4 + 40p 2 p 3 p 4 ) z 3 + 25p 1 p 2 2 p 3 + 25p 1 p 2 2 p 4 + 135p 1 p 2 p 3 p 4 + 25p 2 2 p 3 p 4 z 4 + 252p 1 p 2 2 p 3 p 4 z 5 + 25p 2 1 p 2 2 p 3 p 4 + 135p 1 p 3 2 p 3 p 4 + 25p 1 p 2 2 p 2 3 p 4 + 25p 1 p 2 2 p 3 p 2 4 z 6 + 40p 2 1 p 3 2 p 3 p 4 + 40p 1 p 3 2 p 2 3 p 4 + 40p 1 p 3 2 p 3 p 2 4 z 7 + 15p 2 1 p 3 2 p 2 3 p 4 + 15p 2 1 p 3 2 p 3 p 2 4 + 15p 1 p 3 2 p 2 3 p 2 4 z 8 + 10p 2 1 p 3 2 p 2 3 p 2 4 z 9 + p 2 1 p 4 2 p 2 3 p 2 4 z 10 ,(3.
23)
For the exceptional Lie algebra F 4 we find the following polynomials: is a permutation matrix corresponding to the permutation σ ∈ S 4 ( S 4 is symmetric group) σ : (1, 2, 3, 4) → (4, 3, 2, 1), (3.37) by the following relation P = (P i j ) = (δ i σ(j) ) . Here σ is the generator of the group G = {σ, id} , which is the group of symmetry of the Dynkin diagram for A 4 . G is isomorphic to the group Z 2 .
In case of D 4 the group of symmetry of the Dynkin diagram G ′ is isomorphic to the symmetric group S 3 acting on the set of three vertices {1, 3, 4} of the Dynkin diagram via their permutations. The existence of the above symmetry groups G ∼ = Z 2 and G ′ ∼ = S 3 implies certain identity properties for the fluxbrane polynomials H s (z) .
Let us denotep i = p σ(i) for the A 4 case, andp i = p i for B 4 , C 4 , D 4 , F 4 cases ( i = 1, 2, 3, 4 ). We call the ordered set (p i ) as dual one to the ordered set (p i ) . It corresponds to the action (trivial or nontrivial) of the group Z 2 on vertices of the Dynkin diagrams for above algebras.
Then we obtain the following identities which were directly verified by using MATH-EMATICA algorithms.
Symmetry relations. Proposition 1. The fluxbrane polynomials obey for all p i and z > 0 the identities: Fluxes. Here we deal with an oriented 2 -dimensional manifold M R = (0, R) × S 1 , R > 0 . One can define the flux integrals over this manifold: 
where H ′ s = dH s /dz . Thus, using (3.40) we easily obtain
. In the A 4 -case we have:
(q 1 Φ 1 , q 2 Φ 2 , q 3 Φ 3 , q 4 Φ 4 ) = 4πh(4, 6, 6, 4), (3.52) where h 1 = h 2 = h 3 = h 4 = h . In the B 4 =case we find:
(q 1 Φ 1 , q 2 Φ 2 , q 3 Φ 3 , q 4 Φ 4 ) = 4π(8h 1 , 14h 2 , 18h 3 , 10h 4 ) = 4πh (8, 14, 18, 20) , (3.53) where h 1 = h 2 = h 3 = h , h 4 = 2h .
In the C 4 -case we obtain:
(q 1 Φ 1 , q 2 Φ 2 , q 3 Φ 3 , q 4 Φ 4 ) = 4π(7h 1 , 12h 2 , 15h 3 , 16h 4 ) = 4πh (7, 12, 15, 8) , (3.54) where h 1 = h 2 = h 3 = h , h 4 = 1 2 h . In the D 4 -case we are led to relations: In the F 4 -case we similarly obtain: We note also that by putting q 1 = 0 we get the Melvin-type solutions corresponding to Lie algebras A 3 , B 3 , C 3 , A 3 and C 3 , respectively, which were analyzed in ref. [29] . (The case of the rank 2 Lie algebra G 2 [27] may be obtained for the D 4 case when q 1 = q 3 = q 4 .) The case of non-exceptional Lie algebras of rank 4 was considered earlier in [30] .
